We study the steady state of a three-level system in contact with a non-equilibrium environment, which is composed of two independent heat baths at different temperatures. We derive a master equation to describe the non-equilibrium process of the system. For the three level systems with two dipole transitions, i.e., the Λ-type and V-type, we find that the interferences of two transitions in a non-equilibrium environment can give rise to non-vanishing steady quantum coherence, namely, there exist non-zero off-diagonal terms in the steady state density matrix (in the energy representation). Moreover, the non-vanishing off-diagonal terms increase with the temperature difference of the two heat baths. Such interferences of the transitions were usually omitted by secular approximation, for it was usually believed that they only take effect in short time behavior and do not affect the steady state. Here we show that, in non-equilibrium systems, such omission would lead to the neglect of the steady quantum coherence.
I. INTRODUCTION
Isolated quantum systems evolve unitarily according to the Schrödinger equation, while an open quantum system, which is coupled to a heat bath, will quickly lose its quantum coherence, i.e., all the off-diagonal terms of the density matrix of the system E m |ρ|E n (in the energy representation) will decay to zero when the open system approaches the steady state [1] [2] [3] . This is phenomenon is called decoherence, and it is also believed that this is why our world appears as a classical one and no macroscopic superposition can exist stably in usual cases [4] . It is dramatic for us that there could exist some non-vanishing steady quantum coherence in certain special environment, which can result to some novel physics even with a quite small amount, such as lasing without inversion [5] , or extracting work from a single heat bath [6] .
In this paper, we find that the steady quantum coherence indeed can exist stably when the system contacts with a non-equilibrium environment, which is composed of multiple equilibrium heat baths at different temperatures. We study the steady state of a three-level system, which is coupled to two heat baths with temperatures T L/R respectively (Fig. 1) . We find that, for the Λ-type and V-type systems, non-vanishing quantum coherence can exist in the steady state when the temperatures of the two heat baths are different. Moreover, the amount of the nonzero off-diagonal terms increase with the temperature difference ∆T of the two heat baths. While the quantum coherence always vanishes in a Ξ-type system.
Physically, this steady quantum coherence results from the interference of transitions in non-equilibrium systems. In the three kinds of three-level systems we study, * Electronic address: cpsun@csrc.ac.cn there are two transitions [7] [8] [9] [10] [11] . It is well known that there exist interferences between the transitions for the Λ-type and V-type systems. Such interferences were often omitted by secular approximations in previous literatures [2, [12] [13] [14] . Here we show that this omission is consistent for equilibrium environments, i.e., when all the temperatures of different baths equal to each other and thus they become a whole equilibrium heat bath. However, in non-equilibrium systems, such omission of interference between transitions would lead to the neglect of the steady quantum coherence [15] .
The paper is organized as follows. In Sec. II, we derive a master equation for a Λ-type system contacting with two heat baths, and discuss the effect of secular approximation. In Sec. III, we show that non-vanishing quantum coherence can exist in the non-equilibrium steady state of the Λ-type system, if we take into account the interferences between transitions and do not apply the secular approximation. We also give the condition for the existence of steady quantum coherence. In Sec. IV, we show that steady quantum coherence can also appear in V-type systems, but cannot appear in Ξ-type systems. Finally we summarize in Sec. V.
II. NON-EQUILIBRIUM Λ-TYPE SYSTEM
We first consider a Λ-type system contacting with two independent heat baths (bath-L/R) with different temperatures T L/R . We derive a master equation via BornMarkovian approximation to describe the dynamics of the open quantum system. Especially, we consider what physical process has been ignored in the conventional secular approximation during the derivation of the master equation.
A. Model setup and master equation
We consider a Λ-type system [see Fig. 2(a) ], which is described by the Hamiltonian
where we denote the three energy levels by |E n = |g 1 , |g 2 (the lower two states) and |E n = |e (the highest excited state) correspondingly, with eigen energy E g1 , E g2 and E e . Due to the interaction with the environment, there are two transitions in the system, i.e., |g 1 ↔ |e and |g 2 ↔ |e . Here we use the lowering and raising operators to represent these two transitions, denoted aŝ ϕ
And we denote the energy difference of each transition as
The two heat baths are modeled as collections of boson modes, described by the Hamiltonian
The two transitionsφ
of the Λ-type system are coupled to both the two heat baths, which are in their own equilibrium thermal states ρ
The interaction Hamiltonian readŝ
is the collective operator of bath-α coupled to transitioni.
To derive a master equation for this open quantum system, we apply the Born-Markovian approximation in the interaction picture [2] , And we obtain the following time-dependent master equation in the interaction picture (the detailed calculation is presented in Appendix A),
where ∆ ij := ε i − ε j , and
are called the dissipation rates.
−1 is the Planck distribution. And γ (α) ij (ω) is the coupling spectrum of bath-α, which is defined as
We should notice that besides the individual spectrum γ ii (ω) for each transition, we also have the cross spectrums [16] 
* , which describe the interference effect between the two transitions [7, 10, 11] .
There is a relation between the cross spectrums γ (α) ij (ω) and the individual spectrums γ 
where f α (ω) is a weight factor and 0 ≤ f α (ω) ≤ 1. If f α (ω) = 0, it means there is no interference between transitions. In some special cases, we have f α (ω) = 1, which means the interference effect achieves the maximum. In general cases, the concrete form of f α (ω) depends on the form of coupling strength g i,kα in specific physical systems [17, 18] (see also the example in Appendix B).
B. Secular approximation
We can understand the physical meaning of each summation term in the master equation (5) as a second order process. In fact, due to the interaction with the environment, the system first absorbs an energy quanta from the environment through the transitionφ + i , and then immediately followed by emitting an energy quanta through transitionφ − j back to the environment. And the reversed process also happens, namely, the system first emits an energy quanta through transitionφ − i , and then absorbs through transitionφ + j . If these two successive energy exchange processes experience the same transition (i = j), the total process is stable. While if these two processes experience two different transitions (i = j), which usually have different energies, the total process, with an oscillating factor exp(i∆ ij t), is often considered to be not stable. We call them cross transitions, and these terms results from the interference of the two transitions. It was believed that such cross transition terms would have no effect after a long enough oscillating time t / |∆ ij | [2, 19] , and they do not contribute to the steady state (t → ∞).
For this reason, the secular approximation is often applied to Eq. (5), and only the terms with ∆ ij = ε i −ε j = 0 are remained. Then we obtain a time-independent Lindblad master equation [2, [12] [13] [14] ,
We should notice that all the cross transition terms are omitted in this master equation with the secular approximation.
Here we make some clarification on our terminology in this paper. When we say "secular approximation", we mean the omission of the cross transition terms we mentioned above with energy difference ∆ ij = ε i − ε j = 0. When we say "rotating-wave approximation (RWA)", we mean the omission of double creation or annihilation terms, for example, in the derivation of JaynesCummings coupling from dipole interaction [20] . The interaction Hamiltonian we used in Eq. (3) is usually obtained via RWA in real physics system.
For the master equation (9) with secular approximation, the equations for the diagonal and off-diagonal terms of ρ are decoupled [2, [12] [13] [14] , and we can obtain a rate equation only involving the populations n i := g i |ρ|g i and n e := e|ρ|e of each energy level as follows,
We notice that n 1 + n 2 + n e = 1.
Settingṅ i = 0 in the rate equation (10), we obtain the steady population of the open quantum system, that is,
We see that no matter whether the environment is in equilibrium, we always obtain a steady state of a diagonal form ρ s = P n |n n|, and all the off-diagonal terms of ρ s vanish. Thus, using the master equation (9) with secular approximation, we always obtain a solution where no quantum coherence is left after a long-time evolution.
Here we make some clarification about the concept of "quantum coherence" we mention in this paper. Intuitively, people usually say there is quantum coherence when there are some nonzero off-diagonal terms in the density matrix, but for any density matrix, we can always make it diagonalized in a certain basis. Thus it seems that the concept of quantum coherence is not free of representation. However, the energy representation is distinctive from others. The canonical thermal state is diagonal only in the energy representation. Therefore, in this paper, when we say there is quantum coherence, we mean that the density matrix ρ of the system has some non-zero off-diagonal terms in the energy representation [10] .
III. STEADY QUANTUM COHERENCE
In this section, we take into account the interference between the transitions, and thus we do not apply the secular approximation. We show that non-vanishing quantum coherence can exist in the non-equilibrium steady state of the Λ-type system when T L = T R . Then we study the condition for the existence of steady quantum coherence.
A. Steady state equation and numerical result
Notice that the master equation (5) without secular approximation is time-independent in Schrödinger picture [15] , that is,
can be regarded as the non-diagonal Lamb shift resulted from interference between transitions [11] . Notice that Eq. (12) has a modified Lindblad form [21] . From this master equation, we obtain the dynamics of the population expectations on the three levels of the Λ-type system, (ε1 + ε2) = 1 as the energy unit. The energy difference is ∆12 = ε1−ε2 = 0.01. We set the coupling strengths to be γ 
2 for α = L, R, and we set the weight factors as fL(ω) = fR(ω) = 1. n i := g i |ρ|g i and n e := e|ρ|e , as follows,
Here we denoteτ 12 := |g 1 g 2 |, and we have τ 12 = g 2 |ρ|g 1 = ρ 21 . We see that the dynamics of the populations n i and n g are not decoupled from that of the off-diagonal terms ρ 12/21 , which is different from the case with secular approximation Eq. (10) where we obtained a closed system of equations only about the populations. Thus ρ 12/21 may not be zero even in the steady state after long time evolution.
We present a numerical result for the steady state of Eq. (14) in Fig. 3 , where we set T L = T and T R = T +∆T . We see that |ρ 12 | = |τ 21 | does not vanish in the steady state, that is, there exist steady quantum coherence in the non-equilibrium system. We can see that the amplitude of |ρ 12 | is not a negligibly small value under certain parameters. Here we have set f L (ω) = f R (ω) = 1 to achieve the maximum effect of interference between transitions. If we have f α (ω) < 1, the steady quantum coherence is suppressed, but still keeps nonzero.
Moreover, we should notice that when the lower temperature T L = T is given, the nonzero off-diagonal term |ρ 12 | increases with the temperature difference ∆T . Besides, when the lower temperatures T L is quite high or approaches the zero temperature, |ρ 12 | becomes small but keeps nonzero. Now we show that when the temperature difference ∆T decreases to zero exactly, i.e., when we return to case of an equilibrium heat bath with a single temperature, the steady quantum coherence also vanishes completely. In this case, we have T L = T R := T , and N L (ω) = N R (ω) := N (ω). From Eq. (6) we see that the dissipation rates Γ ± ij (ω) satisfy the following relation of micro-reversibility [22, 23] ,
which leads to the detailed balance and the equilibrium distribution. With the help of the above relation, we can verify that
is exactly the steady solution of Eq. (14) . Thus, in the equilibrium case, all the off-diagonal terms vanish to zero after long-time evolution, and this steady solution is same with the result Eq. (11) obtained from the rate equation with secular approximation. That means, the secular approximation is consistent in the case of equilibrium environment.
B. Condition for steady quantum coherence
Now we give the condition for the existence of steady quantum coherence. As we will see below, nonequilibrium is a necessary but not sufficient condition for the existence of steady quantum coherence.
To guarantee there is no steady quantum coherence in the steady state ρ 12 = ρ * 21 = 0, the sufficient and necessary condition is
This can be verified directly from Eq. (14) . If this condition is satisfied, the steady state solution is Eq. (11), and the secular approximation is consistent. Notice that in the equilibrium case we mentioned above, the dissipation rates automatically guarantee that the two terms in Eq. (17) both equal to zero. Besides the equilibrium case, there is another case that the condition (17) still hold even for non-equilibrium environment. That is, when the coupling spectrums γ (α) ij satisfy the following relation It can be verified from Eq. (6) that the above relation also guarantees
Thus the condition (17) is satisfied to give rise to vanishing quantum coherence. If the relation (18) is not satisfied, usually we obtain nonzero ρ 12/21 in the steady state. Now we discuss the physical meaning of the relation (18) . We will show that the relation (18) implies that the two transitions couple to the two heat baths with the same strength proportion.
Remember that we have a relation about the cross spectrum, |γ
. Here we consider a simple case that f L (ω) = f R (ω) > 0. In this case, the module square of Eq. (18) gives the following relation,
. (20) That means, for the two transitions, their coupling strengths with the two heat baths must be of the same proportion, so as to guarantee vanishing quantum coherence.
Here we give an example for the spectrums that the above relation (20) is broken. As demonstrated in Fig. 4(a, b) , transition-1 couples to bath-R more strongly than bath-L [γ 
. We can check that the above strength proportion relation Eq. (20) is violated, and so is the condition (17) . In this case, there exists nonvanishing steady quantum coherence between the two lower states |g 1/2 . In the above numerical result (Fig. 3) , the coupling strengths γ Such configuration can be realized by imposing coupling spectrums of proper shapes as shown in Fig. 4(c) .
IV. V-TYPE AND Ξ-TYPE SYSTEMS
We have shown that for a Λ-type system in a nonequilibrium environment, the interference between transitions can give rise to non-vanishing steady quantum coherence. In this section, we consider the case of V-type and Ξ-type systems.
We should notice that the master equation (12) we derived for a Λ-type system is also valid for V-type and Ξ-type systems, as long as we properly redefine the raising and lowering operatorsφ ± i for the two transitions. For a V-type system, we defineφ Fig. 2(b) ]. With these operators for the transitions, we can obtain a master equation having the same form with Eq. (12). The steady state equation for the V-type system iṡ
Here we denote n i := e i |ρ|e i , n g := g|ρ|g ,τ 12 := |e 1 e 2 | and τ 12 = e 2 |ρ|e 1 . We see again that the populations n i and n e also depend on the value of off-diagonal terms ρ 12 and ρ 21 . As we discussed above, in the steady state, we can also obtain nonzero quantum coherence in the steady state. We show the numerical result of the steady quantum coherence in the V-type system in Fig. 5 . Notice that the maximum value of |ρ 12 | in the V-type system is much smaller than that in the Λ-type system (see Fig. 3 ), because the steady quantum coherence in the Vtype system exists between excited energy levels, which possess much less populations.
For the Ξ-type system, we defineφ
† for the two transitions [see the notations in Fig. 2(c) ]. The master equation of the Ξ-type system still has the form of Eq. (12), while the steady state equation iṡ
Here we denote n i := e i |ρ|e i and n g := g|ρ|g . Different from the case of V-type and Λ-type systems, the populations alone form a closed set of equations and do not depend on any off-diagonal terms. More precisely speaking, the interference between transitions do not affect the time evolution of the populations. Thus, for the Ξ-type system, there is always no quantum coherence left in the steady state, and this result is consistent with secular approximation [Eq. (11)].
V. SUMMARY
In this paper, we studied the steady state of a threelevel system in a non-equilibrium environment, which consists of two heat baths with different temperatures.
We find that for the Λ-type and V-type systems, the interference between transitions can give rise to nonvanishing steady quantum coherence, if the two transitions couple to the two heat baths with different proportions of coupling strengths. And the amount of the steady quantum coherence increases with the temperature difference of the two heat baths. If the two heat baths have the same temperature, all the quantum coherence vanishes and returns to the equilibrium case.
The interference between transitions play an essential role in the steady quantum coherence. But it was often omitted by secular approximation in previous literatures. We showed that indeed the secular approximation is consistent in the case of equilibrium environment, but for non-equilibrium environments, that would lead to the neglect of the steady quantum coherence.
Notice that many current investigations about nonequilibrium quantum thermodynamics are based on the rate equation of the energy level populations like Eq. (10), which does not include the quantum coherence. Our result implies that some further refinement, which takes into account the quantum coherence, should be made to the present study of non-equilibrium quantum thermodynamics [24] .
Put it into Eq. (4) ofρ(t), and we havė
The above equation is expanded as followṡ
We apply the Born approximation that the two heat bath always stay at their canonical thermal state with temperature T α respectively. Here we show the calculation of two terms as demonstration,
where we define the coupling spectrum with bath-α as γ
Here we utilized the formulaˆ∞
and omitted the principle integral terms. Then we obtain the master equation aṡ
where ∆ ij := ε i −ε j . In Schrödinger picture, we can write down the master equation in the following time-independent Lindblad-like form,ρ
can be regarded as the non-diagonal Lamb shift resulted from interference between transitions [11] .
Appendix B: Cross spectrum
Here we derive a relation of the cross spectrum. When we have two transitions contacting with the same environment, we need three coupling spectrums, i.e., two individual spectrum for each transition, γ ii (ω), and an-other cross spectrum [16] for the cross transition, γ 12 (ω). These spectrums are defined as
From this definition, we have
Thus, we have
That is γ 11 (ω)γ 22 (ω) ≥ |γ 12 (ω)| 2 .
From the above proof we see that the equality holds if and only if we have
for any k, q which satisfy ω k = ω q . If k → ω k is a one-to-one map, we have ω k = ω q ⇔ k = q. Then the above relation holds and further we have
In more general cases, for example, the environment is the electromagnetic field or the phonon field, with the index k as a vector, the mode energy ω k has degeneracy in different directions of k. If the amplitudes |k| are the same, the modes with different directions have the same energy ω k . In these cases, if the coupling coefficients g i,k = g i,|k| only depend on the amplitude |k|, i.e., only depend on ω k equivalently, the relation (B4) still holds, and we still have γ 11 (ω)γ 22 (ω) = |γ 12 (ω)| 2 , as used in many literatures [25] .
Except the above two cases, the equality (B5) usually does not hold, and the general relation between the cross spectrum γ 12 (ω) and the individual spectrums γ ii (ω) appear as [11, 17, 18] 
where 0 ≤ f (ω) ≤ 1 is a weight factor. In general cases, the concrete form of f (ω) depends on the form of coupling strength g i,k in specific physical systems.
For example, two two-level atoms stay at position r 1 and r 2 in the same electromagnetic field, and they separate from each other for a distance |r 1 − r 2 | := d. Their coupling strengths with the electromagnetic field have a relation g 1,k = g 2,k exp[ik · (r 2 − r 1 )]. The light emitted from the two atoms can interfere with each other. In this case, we can check that the weight factor has the form of f (ωd/c). It varies with the distance d, and depends on the dimensionality D of the electromagnetic field, i.e., 
where J 0 (x) is the Bessel function of the first kind [17] . When the two atoms are quite near to each other, their interference effect achieve the maximum. When they are far from each other, their interference effect quickly decays with the distance (for D = 2, 3). Thus the weight function f (ωd/c) here describe the spatial correlation of the environment. The situation is similar when we consider the phonon bath [18] .
